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Abstract: We compare the effects of the entering non - commutative geometry in physics, which
have studied by Bob’s shift method and Seiberg-Witten map. Due to the corrections of the electron
energy levels, we demonstrate that two approaches are not equivalent. We show that the electric
and magnetic dipole moments, as well as one loop vertex correction, change due to the mapping
selection. Furthermore, we provide a way to communicate the results of the two methods.
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INTRODUCTION
Seiberg-Witten map is one of the methods of intro-
ducing the non-commutative geometry in physics. The
principles of this map have explained in many texts
[1–3]. The most instances of the studies of physicists
in the field of non-commutative geometry are the re-
searches on the effects of importing non-commutative
coordinates, which are mainly limited to the first or-
der of the non-commutative parameters. One of the
conventional methods in rewriting the physics on the
non-commutative geometry is Moyal-Weyl mapping [4–
8]. However, Moyal-Weyl mapping is also used up to the
first order of non-commutativity. The non-commutative
geometry will showing-off if we accept that the following
commutativity
[yˆµ, yˆν ]⋆ = ıθ
µν , (1)
holds for the coordinates. Here, θ as a real constant
and anti-symmetric tensor has a square length dimen-
sion. The sign of product ′⋆′, is a method for the formu-
lation of the physics in the non-commutative geometry.
A simple rule explains how we should apply it. Indeed,
replacing the ordinary products between quantities with
a ⋆-product [9–13],
f˘(yˆ)g˘(yˆ) = f˘(y) ⋆ g˘(y) = f˘(y)e
ı
2∂
←
µ
θµν∂
→
ν g˘(y), (2)
where ∂α =
∂
∂yα
. In most cases, because of the causal-
ity time coordinate does not contribute to the non-
commutativity. According to the literature, the mean
value of the non-commutativity parameter is in order of√
θ ∼ 10−15m [14, 15]. Based on Eq.(1), at the first or-
der of θ, the variation of electromagnetic fields can be
explained by the SW map:
A˘µ = Aµ − 1
2e
θαβAα(∂βAµ + fβµ), (3)
where fµν = ∂µAν − ∂νAµ. Here, we use the hat symbol
to specify the functions containing the non-commutative
coordinates. By substituting of Eq.(1), the changes of the
field strength tensor F˘µν = ∂µA˘ν − ∂νA˘µ − ı
e
[A˘µ, A˘ν ]⋆,
read
Fµν = fµν − 1
e
θαβ{Aα∂βfµν − f µα f νβ }, (4)
where the equation of motion for the strength tensor as
following
D˘µ ⋆ F˘
µν(yˆ) =
4π
c
j˘ν(yˆ). (5)
Moreover, the covariant derivative defined by
D˘µ⋆ = ∂µ − ı
e
[A˘µ, ⋆]. (6)
The four-vector of the current also is changed in the SW
map. The current term transforms by ˘´jµ = u⋆(Λ˘) ⋆ j˘
µ ⋆
u−1⋆ (Λ) in which Λ should be changed:
Λ˘ = Λ− 1
2e
θαβAα∂βΛ. (7)
So, the variation rule for the four-vector of the current is
written as
j˘µ = jµ − 1
e
θαβAα∂βj
µ. (8)
In this work, we admit the non-commutative geometry
and restrict ourselves to the first order of θ. We know
that the SW map is only valid when we have θµνθµν > 0
and this condition realized in this paper. We also calcu-
late the corrections of the Maxwell equations and make
deformed electrodynamics based on the SW map. As
a main of this paper is proving that the results of the
two approaches are different. Moreover, we want to show
that the nucleus size effects on the energy levels of the
electron layers, emission lines and absorption of atoms.
BASIC NOTATIONS
In a semi classical interpretation, the center of atoms
has a charge distribution function that lies within the
nucleus position which in this region the electron cannot
2be seen. The shape of a nucleus can be assumed to be
a sphere with radius a. As we mentioned in the previ-
ous section, the radius of the nuclear is at least larger
than
√
θ. So, a & 10−15m which has a reference to the
proton diameter. We denote the region r < a and its
related quantities with the index of
<
and by the same
style also for the region r > a with
>
. We can split
the electromagnetic fields into the two separate parts,
Aµ = A(0)µ + A(1)µ + 0(θ)2, which the second term is
small. Assuming spherical nucleus and symmetric distri-
bution of electric charge we can write
j(0)0 = ρ(r) =
3ze
4πa3
, r < a, j(0)0 = 0, r > a, (9)
which mentions the components potential function as fol-
lows
A
(0)0
< = −κ<r2 + 3κ<a2, A(0)0> =
κ
>
r
,
A
(1)0
<(>) = 0. (10)
where κ
<
= ze2a3 and κ> = ze. According to Eq.(4),
Eq.(5) yields the following equation
∂νf
νµ − 1
e
θαβ∂ν(Aα∂βf
νµ − f να f µβ )
+
1
e
θαβ∂αAν∂βf
νµ =
4π
c
jµ. (11)
Based on the initial selected conditions, the gauge
∂iA
(0)i = 0 and the equation of j(1)µ = 0, is realized.
In this way, vector potentials A
<(>)
obey the following:
∇2A(1)k
<
(x) = 4
1
e
κ2<θ
ikxi,
∇2A(1)k
>
(x) =
1
e
κ2>θ
ik xi
r6
. (12)
Solving Eqs.(12) must be due to the boundary con-
ditions: A(0)µ
<
(x) = A(0)µ
>
(x)|r=a and ∂rA(0)µ
<
(x) =
∂rA
(0)µ
>
(x)|r=a. Therefore, the solutions of Eqs.(12) are
A(1)k
<
(x) =
1
e
4
10
κ2<θ
ikxir
2 + η
<
(r, θ, φ),
A(1)k
>
(x) =
1
e
1
4
κ2>θ
ik xi
r4
+ η
>
(r, θ, φ), (13)
where ∇2η
<(>)
(r, θ, φ) = 0 and we have infinite solutions.
We choose the following solutions
A(1)k
<
(x) =
1
e
(
ze
2a2
)2(
2r2
5a2
− 1)θikxi,
A(1)k
>
(x) = −1
e
1
4
(
ze
r2
)2(
8r
5a
− 1)θikxi, (14)
which satisfy the requirements of the Lorentz gauge con-
dition.
PRESENTATION OF THEORY
In the following, our calculations are only in the region
r > a. Thus, we can drop the separator indicator from
this area. In addition, all the quantities that come after
will be belonging to the area r > a. For the electrons
from the region r > a, the Hamiltonian Hˆ is given by
Hˆ =
Πˆ2
2m
+ Vˆ (r). (15)
where, Πk = pk + e
c
A(1)k. In the first order of θ, the
operator of momentum becomes, Πˆ2 = pˆ2+ 2e
c
A(1)kpˆk−
ı~ e
2
c2
∂kA
(1)k+0(θ)2. Since∇·A(1) is zero, then the Hamil-
tonian is summarized as
Hˆ =
pˆ2
2m
+ Veff (r; θ, a), (16)
where
Veff(r; θ, a) = −ze
2
r
− 1
4mc
z2e2f(r; a)θ · L, (17)
where θ = (θ23, θ13, θ12) is a new vector and f(r; a) =
8
5ar3 − 1r4 . It is evident that the effective potential con-
tains the nucleus size and is different from the potential
offered in Ref.[15]. In the Ref.[15], the authors have found
an effective potential as
V Bob
′s shift
eff (r; θ) = −
ze2
r
− ze
2
4~r3
θ · L, (18)
by exploiting the Bob’s shift method. From the pertur-
bation theory, the correction of the energy levels is
∆ENC =< nl´jj´z|Hˆp|nljjz >, (19)
where the perturbed Hamiltonian is given by the second
parts of Eq.(17) or Eq.(18). In the following, we set;
θ = (0, 0, θ)
because of the simplicity in calculations. For the cho-
sen case of the non-commutativity, by substituting the
second part of Eq.(17) in Eq.(19), Eq.(19) becomes
∆ESWNC = −
z2e2
4mc
fnl(r; a)jz~(1∓ 1
2l + 1
)δ
l´l
δj´zjz ,
(20)
in which
fnl(r; a) =< nl|f(r; a)|nl >= 8
5a
< r−3 > − < r−4 >
and the condition j = l± 12 is considered. By holding the
term of < r−3 > and replacing the value of
< r−3 >=
8z3
r30
(2l − 1)!
(2l + 2)!
, (21)
3the Eq.(20) gives
∆ESWNC = −
8ze2~
5amc
fnl(r)jz(1± 1
2l + 1
)δ
l´l
δj´zjz ,
(22)
in which r0 indicates the radius of Bohr. With, e
2r−30 =
z3mc2α4λ−2c , we have
∆ESWNC =
−8z
4
~cα4λ−2c θ
20a
gnl(r)jz(1 ∓ 1
2l + 1
)δ
l´l
δj´zjz . (23)
where gnl(r) = r
3
0 < r
−3 >. At the same level, the
correction function from Ref.[15], based on Eq.(18), is
∆EMWNC =
−z
4mc2α4λ−2c θ
4
gnl(r)jz(1± 1
2l + 1
)δ
l´l
δj´zjz , (24)
We calculate the ratio of the corrections
∆ESW
∆EMW
=
8~
5amc
∝ 103. (25)
This ratio shows that the magnitude of correction due
to SW mapping is 103 times the one caused by Bob’s
shift. Therefore, the correction of the electron energy
levels in a hydrogen-like atom calculated by SW map and
Bob’s shift methods, are not equivalent to one another.
By comparing the potential of Eq.(17) and Eq.(18) and
regardless of the term < r−4 > in Eq.(17), it can be
shown that by replacing θ with 8~θ/5amc in the results
of Ref.[15], the electric and magnetic dipole moments of
the electron are changed as
< ~µ >= − e
2mc
(g~s+
8αγE
15amcπ
~
2
λ2
θ),
< ~P >= − e
4~
(
8
5amc
θ ×P)(1 + 3αγE
m
). (26)
Furthermore, the change of the vertex correction in the
one loop order is
V one loopNC vertex = −
8ze2
20amcπ
αγE(3− 2
3
)
L · θ
r3
. (27)
The changes are quite evident from the Bob’s shift
method.
CONCLUSION
At the level of quantum mechanics, we found a way to
determine the contribution of the size of atomic nuclei in
the electron energy levels. We extracted the Hamiltonian
of system at the classical mechanics level by exploiting
Seiberg-Witten map based on the θ deformed electrody-
namics. We showed that the Hamiltonian changes from
the official version by entering the size of the nucleus in
the electrodynamics equations. It was determined the de-
pendence of the energy corrections on the orbital angular
momentum of the electron and the size of the atomic nu-
cleus. We also proved that the energy corrections from
the SW maps and Bob’s shift method are different, and
their ratio is in the order of 103. Based on this paper,
the electric and magnetic dipole moments of the electron
as well as vertex function in the order of one loop, have
many variations that come from the amount of their val-
ues given in Ref.[15], with θMW → θSW = 5amc8~ θMW
substitution.
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